In this paper, we study the convergence of new implicit iterations dealing with n-tupled fixed point results for nonlinear contractive-like mappings on W-hyperbolic metric spaces. Herein, we demonstrate that our newly implicit iteration schemes have faster rate of convergence than implicit S-iteration process, implicit Ishikawa and Mann type iteration processes. Furthermore, a numerical simulation to improve our theoretical results is obtained.
as they give precise estimate.
The following forms give a metric version of implicit Ishikawa and implicit Mann iteration schems defined bý Cirić et al. [1, 2] in the background of W-hyperbolic space.
Let E be a nonempty convex subset of a W-hyperbolic space X and T : E → E. Choose x 0 ∈ E and define the sequence {x n } as follows:
x n = W (x n−1 , T y n , α n ) (1) y n = W (x n , T x n , β n ), n ∈ N, and x n = W (x n−1 , T x n , α n ), n ∈ N.
Recently, Yildirim and Abbas [13] introduced implicit S-iteration process with higher rate of convergence than Mann type (2) and Ishikawa type (1) implicit iterative processes.
Initiated with x 0 ∈ E, then we get the following sequence {x n }:
x n = W (T x n−1 , T y n , α n )
y n = W (x n , T x n , β n ), n ∈ N,
where (α n ) and (β n ) are certain real sequences in [0, 1]. In this paper, we introduce some new implicit iteration process and study their rate of convergence in hyperbolic metric spaces. Also, we give a numerical example to exhibit the utility of our proved results.
We need the following definitions and lemma in order to introduce our main results.
Definition 1 [11] A W-hyperbolic space (X, d, W ) is a metric space (X, d) together with a convex mapping W : X 2 × [0, 1] → X satisfying the following properties: for all x, y, z, w ∈ X and α, β ∈ [0, 1].
Definition 2 [13] A self mapping T on X is called a contractive-like mapping if there exists a constant δ ∈ [0, 1) and a strictly increasing and continuous function ϕ : [0, 1) → [0, 1) with ϕ(0) = 0 such that for any x, y ∈ X we have
Definition 3 [5] An element (x, y) ∈ X × X is called a coupled fixed point of the mapping T :
Definition 4 [14] Let X be a nonempty set.An element x 1 , x 2 , x 3 , ..., x n ∈ X n is called an n-tupled fixed point of the mapping T if
. .
x n = T (x n , x 1 , x 2 , ..., x n−1 ).
If there exists an n 0 ∈ N such that for all n ≥ n 0 , we get
where η n ∈ (0, 1), ∞ n=0 η = ∞ and θ n ≥ 0 for all n ∈ N. Then the following holds:
Main Results
Definition 6 Let E be a nonempty convex subset of a W-hyperbolic space X and T :
{x i 0 } ∈ E and define the two sequences {x i m } and {y i m } for each i = 1, 2, 3, ..., n as follows:
Definition 7 Let E be a nonempty convex subset of a W-hyperbolic space X and T :
where (α m ) and (β m ) are certain real sequences in [0, 1].
Definition 8
Let E be a nonempty convex subset of a W-hyperbolic space X and T :
x 2 m = W (x 2 m−1 , T (y 2 m , y 3 m , . . . , y n m , y 1 m−1 ), α m ) . . .
Definition 9
.., n as follows:
Definition 10 A self mapping T on X × X is called a contractive-like mapping if there exists a constant δ ∈ [0, 1) and a strictly increasing and continuous function ϕ
Theorem 11 Let T : Proof. Assume that (p 1 , p 2 , ..., p i ) ∈ F (T ). Using (5) and (9), we get 
By (10) and (11), we have
which implies that
where
Observe that
Now, in view of (13) and (14), we have
Taking limit on both sides of the above inequality, we have lim
Theorem 12 Let T :
E → E be a contractive-like mapping defined in (9) on a nonempty closed convex subset E of a W-hyperbolic metric space (X, d, W ) with F (T ) = φ. Then, for the sequence {x n } defined in (7) we have lim
Proof. Assume that (p 1 , p 2 , ..., p i ) ∈ F (T ). Using (7) and (9), we get 
. , x n m ), T (p 1 , p 2 , . . . , p n )) + d(T (x 2 m , x 3 m , . . . , x 1 m ), T (p 2 , p 3 , . . . , p 1 )) . . . +d(T (x n m , x 1 m , . . . , x n−1 m ), T (p n , p 1 , . . . , p n−1 ))]
Therefore,
Due to (19) and (20), we have
Taking limit on both sides of the above inequality, we obtain lim
Theorem 13 Let T :
E → E be a contractive-like mapping defined in (9) on a nonempty closed convex subset E of a W-hyperbolic metric space (X, d, W ) with F (T ) = φ. Then, for the sequences {x n }, {y n } defined
Proof. Assume that (p 1 , p 2 , ..., p i ) ∈ F (T ). Using (7) and (9), we get Therefore
implies that
From (25) and (26), we have
Using the fact that 0 ≤ δ < 1 and (1 − α i ) = ∞, we conclude that
Theorem 14 Let T :
Proof. Assume that (p 1 , p 2 , ..., p i ) ∈ F (T ). Using (8) and (9), we get
From (29) and (30), we have
The following result deals with the rate of convergence of implicit S-n-tupled iteration process.
E → E be a contractive-like mapping defined in (9) on a nonempty closed convex subset E of a W-hyperbolic metric space (X, d, W ) with F (T ) = φ. Then, the sequences {x m }, defined in (5) with (1 − α m ) = ∞, converges to the n−fixed point of T faster than (6), (7) and (8) iterations.
Proof. Let (p 1 , p 2 , ..., p i ) be a fixed point of T. Using the implicit type iteration process given in (6), we have
Now, using the implicit iteration defined in (7), we obtain that
Next, using the implicit iteration given in (8) , we obtain that 
Numerical Simulations
In this section, we are interested in numerical simulations to support our analytical results by a numerical example using MATLAB.
[0, 1] → [0, 1] is a mapping defined by T (x 1 , x 2 , x 3 ) = 3 4 x 1 , T (x 2 , x 3 , x 1 ) = Table 1 shows the comparison of the rate of convergence of the implicit iterations (5), (6), (7) and (8) to the tripled fixed point (0, 0, 0) with the initial value (x 1 1 , x 2 1 , x 3 1 ) = (1, 1, 1) for the mapping given in Example (16) . Table 1 : The values of (x 1 m , x 2 m , x 3 m ) for Iterations (5), (6), (7) , (8) .
n Iteration (8) Iteration (7) Iteration (6) Iteration (5) Figure 1 confirm that the iteration (5)) is converges faster than the iteration methods (6), (7) and (8) (5) -------------------Implicit iteration (6) ++++++++++++++++++++++++Implicit iteration (7) -----------------------------Implicit iteration (8) Figure 1 : Present the rate of convergence for the iterations (5), (6), (7) and (8) .
